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Let n be a positive odd integer and let p > n + 1 be a prime. We
mainly derive the following congruence:
∑
0<i1<···<in<p
(
i1
3
)
(−1)i1
i1 · · · in ≡ 0 (mod p).
© 2010 Elsevier Inc. All rights reserved.
1. Introduction
Simple congruences modulo prime powers are of interest in number theory. Here are some exam-
ples of such congruences:
(a) (Wolstenholme)
∑p−1
k=1 1/k ≡ 0 (mod p2) for any prime p > 3.
(b) (Z.W. Sun [S02, (1.13)].) For each prime p > 3 we have
∑
0<k<p/2
3k
k
≡
∑
0<k<p/6
(−1)k
k
(mod p).
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L.-L. Zhao, Z.-W. Sun / Journal of Number Theory 130 (2010) 930–935 931(c) (Z.W. Sun [S07, Theorem 1.2].) If p is a prime and a,n ∈ N = {0,1,2, . . .}, then
1
n/pa!
∑
k≡0 (mod pa)
(−1)k
(
n
k
)(
− k
pa
)n/pa
≡ 1 (mod p).
(d) (Z.W. Sun and R. Tauraso [ST, Corollary 1.1].) For any prime p and a ∈ Z+ = {1,2,3, . . .} we have
pa−1∑
k=0
(
2k
k
)
≡
(
pa
3
) (
mod p2
)
,
where ( ·3 ) is the Legendre symbol.
Let p > 3 be a prime. In 2008, during his study of
∑p−1
k=0
(2k
k
)
modulo powers of p with R. Tauraso,
the second author conjectured that
∑
0<i< j<k<p
(
i
3
)
(−1)i
i jk
≡ 0 (mod p), (1.1)
i.e.,
∑
0<i< j<k<p
i≡1,2 (mod 6)
1
i jk
≡
∑
0<i< j<k<p
i≡4,5 (mod 6)
1
i jk
(mod p). (1.2)
In this paper we conﬁrm the above conjecture of Sun by establishing the following general theo-
rem.
Theorem 1.1. Let n ∈ Z+ and let p > n + 1 be a prime.
(i) If n is odd, then
∑
0<i1<···<in<p
i1≡1,2 (mod 6)
1
i1 · · · in ≡
∑
0<i1<···<in<p
i1≡4,5 (mod 6)
1
i1 · · · in (mod p). (1.3)
(ii) If n is even, then
∑
0<i1<···<in<p
i1≡0 (mod 3)
(−1)i1
i1 · · · in ≡ 2
∑
0<i1<···<in<p
i1≡2,3,4 (mod 6)
1
i1 · · · in (mod p). (1.4)
We deduce Theorem 1.1 from our following result.
Theorem 1.2. Let n ∈ Z+ and let p > n + 1 be a prime. Set
Fn(x) =
∑
0<i <···<i <p
xi1
i1 · · · in ∈ Zp[x], (1.5)
1 n
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Fn(1− x) ≡ (−1)n−1Fn(x) (mod p), (1.6)
i.e., all the coeﬃcients of Fn(1− x) − (−1)n−1 Fn(x) are congruent to 0 modulo p.
In the next section we use Theorem 1.2 to prove Theorem 1.1. Section 3 is devoted to our proof of
Theorem 1.2.
2. Theorem 1.2 implies Theorem 1.1
Proof of Theorem 1.1 via Theorem 1.2. (1.3) holds trivially when p = 3 and n = 1. Below we assume
that p > 3.
Let ω be a primitive cubic root of unity in an extension ﬁeld over Qp . Then, in the ring Zp[ω] we
have the congruence
Fn
(−ω2)= Fn(1+ ω) ≡ (−1)n−1Fn(−ω) (mod p). (2.1)
For r ∈ Z we set
Sr =
∑
0<i1<···<in<p
i1≡r (mod 6)
1
i1 · · · in .
Clearly
Fn(−ω) = S0 − ωS1 + ω2S2 − S3 + ωS4 − ω2S5
= S0 − S3 − ω(S1 − S4) + (−1− ω)(S2 − S5)
= S0 − S3 − S2 + S5 − ω(S1 + S2 − S4 − S5).
Similarly,
Fn
(−ω2)= S0 − S3 − S2 + S5 − ω2(S1 + S2 − S4 − S5).
Thus
Fn(−ω) + Fn
(−ω2)= 2(S0 − S2 − S3 + S5) + S1 + S2 − S4 − S5
= 2S0 + S1 − S2 − 2S3 − S4 + S5
and
Fn(−ω) − Fn
(−ω2)= (ω2 − ω)(S1 + S2 − S4 − S5).
Note that (ω − 1)(ω2 − 1) = 3 is relatively prime to p. Therefore, by (2.1), if 2  n then
S1 + S2 − S4 − S5 ≡ 0 (mod p); (2.2)
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2S0 + S1 − S2 − 2S3 − S4 + S5 ≡ 0 (mod p). (2.3)
To conclude the proof we only need to show that (2.3) is equivalent to
S0 − S3 ≡ 2(S2 + S3 + S4) (mod p). (2.4)
Recall that
xp−1 − 1 ≡
p−1∏
j=1
(x− j) ≡
p−1∏
i=1
(
x− 1
i
)
(mod p)
(cf. Proposition 4.1.1 of [IR, p. 40]). Comparing the coeﬃcients of xp−1−n we get that
∑
0<i1<···<in<p
1
i1 · · · in ≡ 0 (mod p). (2.5)
So
∑5
r=0 Sr ≡ 0 (mod p), which implies the equivalence of (2.3) and (2.4). We are done. 
3. Proof of Theorem 1.2
Proof of Theorem 1.2. We use induction on n.
Observe that
p−1∑
i=1
(
p
i
)
(−1)i−1xi = 1+ (−x)p −
p∑
i=0
(
p
i
)
(−x)i = 1− xp − (1− x)p .
For i = 1, . . . , p − 1 clearly
(−1)i−1
p
(
p
i
)
= (−1)
i−1
i
(
p − 1
i − 1
)
≡ 1
i
(mod p).
Thus
F1(x) ≡ 1
p
p−1∑
i=1
(
p
i
)
(−1)i−1xi = 1− x
p − (1− x)p
p
(mod p)
and hence F1(1− x) ≡ F1(x) (mod p) as desired. This proves (1.6) for n = 1.
For the induction step we need to do some preparation. For
P (x) =
m∑
i=0
aix
i ∈ Zp[x],
we deﬁne its formal derivative by
d
dx
P (x) =
∑
0<im
iaix
i−1.
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a0 = P (0) (mod p).
Now assume that 1 < n < p − 1 and Fn−1(1− x) ≡ (−1)n−2 Fn−1(x) (mod p). Then
d
dx
Fn(x) =
∑
0<i1<···<in<p
xi1−1
i2 · · · in =
∑
1<i2<···<in<p
1
i2 · · · in
i2−1∑
i1=1
xi1−1
=
∑
0<i2<···<in<p
1
i2 · · · in ·
xi2−1 − 1
x− 1
= Fn−1(x)
x(x− 1) −
1
x− 1
∑
0<i2<···<in<p
1
i2 · · · in
and hence
d
dx
(
Fn(1− x) − (−1)n−1Fn(x)
)
= −
(
Fn−1(1− x)
(1− x)(1− x− 1) −
1
(1− x) − 1
∑
0<i2<···<in<p
1
i2 · · · in
)
+ (−1)n
(
Fn−1(x)
x(x− 1) −
1
x− 1
∑
0<i2<···<in<p
1
i2 · · · in
)
= (−1)
n Fn−1(x) − Fn−1(1− x)
x(x− 1) −
(
1
x
+ (−1)
n
x− 1
) ∑
0<i2<···<in<p
1
i2 · · · in .
Combining this with the induction hypothesis and (2.5), we obtain
x(x− 1) d
dx
(
Fn(1− x) − (−1)n−1Fn(x)
)≡ 0 (mod p).
For the ﬁnite ﬁeld Fp = Z/pZ, it is well known that Fp[x] is a principal ideal domain. So we have
d
dx
(
Fn(1− x) − (−1)n−1Fn(x)
)≡ 0 (mod p)
and hence
Fn(1− x) − (−1)n−1Fn(x) ≡ Fn(1) + (−1)n Fn(0)
=
∑
0<i1<···<in<p
1
i1 · · · in
≡ 0 (mod p)
with the help of (2.5). This concludes the induction step and we are done. 
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